By utilizing a fixed point theorem in cones, we present some sufficient conditions which guarantee the existence of multiple positive periodic solutions for a class of differential equations with state-dependent delays. Our results extend and improve some previous results.
Introduction
In this paper we study the state-dependent delay equations:
x (t) = −a t, x(t) x(t) + f t, x t − τ 1 t, x(t) , . . . , x t − τ m t, x(t) ,

x (t) = a t, x(t) x(t) − f t, x t − τ 1 t, x(t) , . . . , x t − τ m t, x(t) ,
where a ∈ C(R × R + , R), a(t + ω, x) = a(t, x) for any (t, x) ∈ R × R + , f ∈ C(R × In the case m = 1 and τ ≡ 1, Eqs. (1) and (2) appear in several applications (see, e.g. [1] [2] [3] [4] and references therein). Over the past several years it has become apparent that equations with statedependent delays arise also in several areas such as in population models [5] , in models of cell productions [6] , and in models of commodity price fluctuations [7] . In the case a(t, x) = a(t), τ i (t, x(t)) = τ i (t), i = 1, 2, . . . , m, Liu [8] studied the existence of multiple positive periodic solutions of Eqs. (1), (2) by using the Krasnoselskii fixed point theorem. The main results of [8] are improved by the ones in this paper.
Some basic results on the existence, uniqueness, continuation and continuous dependence of the solutions for differential equations with state-dependent delays are obtained in [9, 10] . On the existence of periodic solutions, Arino et al. [11] , Li and Kuang [12] and Magal and Arino [13] gave some results of existence of periodic solution for differential equations with state-dependent delay. However, as far as we know, there is few papers discussing the existence of multiple positive periodic solutions for state-dependent delay differential equations.
Our goal in this paper is to represent conditions which guarantee the existence of multiple positive periodic solutions for Eqs. (1) and (2) . By employing a fixed point theorem in cones we found that the existence of multiple positive solutions in periodic equations with state-dependent delays require only a set of natural and easily verifiable conditions.
In what follows, we only discuss the existence of positive periodic solutions of Eq. (1), though similar results can be obtained for Eq. (2). We always assume that 
Main results and proof
Firstly, let us introduce the fixed point theorem in cones which will be used in this paper.
Lemma 1. [14]
Let X = (X, · ) be a Banach space, let K be a cone in X, and let r 1 and r 2 be constants such that 0 < r 1 < r 2 . Suppose that Φ : Ω r 2 ∩ K → K, where Ω r 2 = {x | x ∈ X, x < r 2 }, is a completely continuous operator satisfying the following conditions:
Then Φ has a fixed point in K ∩ { x ∈ X | r 1 < x < r 2 }.
Lemma 2. [15]
The operator Φ has a fixed point in K ∩ {x ∈ X | r 1 < x < r 2 } if conditions (1) and (2) in Lemma 1 are replaced by the following conditions:
there exists ψ ∈ K\{0} such that x = Φx + ηψ for x ∈ K ∩ ∂Ω r 1 and η 0.
Let X = {x(t) | x(t + ω) = x(t), t ∈ R}, and x = max x∈ [0,ω] |x(t)|. Then X is a Banach space when it is endowed with the norm · . 
where
Proof.
Suppose that x is a periodic solution of Eq. (1). Then multiplying Eq. (1) 
Integrating the above equation from t to t + ω, we obtain
Therefore we have
Thus, x is a periodic solution for Eq. (3). If x is a periodic solution of Eq. (3), then deviating the two sides of Eq. (3) about t, we have that x is a periodic solution of Eq. (1). Thus we complete the proof. 2
We define now an operator T on the Banach space X by
Thus we have
Hence T : X → X. From the above analysis we have that x is a periodic solution of Eq. (1) if and only if x is a fixed point of the operator T in X.
Set
It is evident that σ ∈ (0, 1], γ 1. We define a cone in X by
Hence, for any x ∈ X, we have
Therefore T x ∈ K for any x ∈ X. This completes the proof. 2
Lemma 5. T : K → K is completely continuous.
Proof. We first show that T is continuous. 
Choose an arbitrary point x 0 ∈ Ω. Since x 0 (t) is continuous and periodic on R, we have that x 0 (t) is uniformly continuous. Then there exists δ 1 > 0 (choose δ 1 < δ) such that
for any t 1 , t 2 ∈ R with |t 1 − t 2 | < δ 1 
for t ∈ R and
Hence, in view of (5) we have
for x 0 − y < δ 2 and y ∈ Ω. It follows from (4)-(6) that
for t ∈ R, x 0 − y < δ 2 and y ∈ Ω. Therefore, for any y ∈ Ω, if x 0 − y < δ 2 then
Hence, if t ∈ R, y ∈ Ω and x 0 − y < δ 2 , we have
e., the operator T is continuous at x 0 . Thus T is continuous in Ω due to the arbitrariness of x 0 in Ω.
Next we show that {T x | x ∈ Ω} is a family of uniformly bounded and equicontinuous func-
For any x ∈ Ω, we have x M and
Finally, for any t ∈ R, we have
In view of (7)- (9), we obtain that > γ a 1 (t) uniformly for t ∈ R, we can find a sufficiently small number > 0 and a number r 1 with 0 < r 1 < p such that
Hence, for x ∈ K and x = r 1 , we have r 1 x(t) σ x = σ r 1 > 0. Put ψ ≡ 1. We now prove that
where Ω r 1 = {x ∈ X | x < r 1 }.
If not, then there exist x 0 ∈ K ∩ ∂Ω r 1 and η 0 0 such that
Let α = min t∈ [0,ω] x 0 (t), then α > 0. So, for t ∈ R, from (10) to (12), we have
which yields α > (1 + )α. It is a contradiction. Therefore (11) is valid.
Next, by using the inequality in (H 3 ) we prove that
where Ω p = {x ∈ X | x < p}. If not, then there exist x 0 ∈ K ∩ ∂Ω p and λ 0 ∈ [0, 1] such that
Clearly, λ 0 = 0. If not, we would have x 0 ≡ 0, which contradicts that x 0 ∈ K ∩ ∂Ω p . Thus, x 0 = p and σp x 0 (t) p for t ∈ R. By condition (H 3 ), we have
Then from (14) and (15), for t ∈ R, we have
which yields x 0 = p < p. We arrive at a contradiction. Therefore (13) is valid. In view of (11), (13) and Lemma 2, we have that T has a fixed point x 1 ∈ K ∩ {x | r 1 < x < p} and x 1 (t) σ r 1 > 0. Therefore x 1 (t) is a periodic positive solution of Eq. (1) .
By the second inequality in (H 1 ), i.e., lim inf |u|→+∞
> γ a 1 (t) uniformly for t ∈ R, we can find a sufficiently small number > 0 and a number r 2 > p such that f (t, u 1 , . . . , u m ) a 1 (t)(1 + )|u| for |u| r 2 .
Set ψ ≡ 1. We show that
where Ω r 2 = {x ∈ X | x < r 2 }.
If not, then there exist x 0 ∈ K ∩ ∂Ω r 2 and η 0 0 such that
Let β = min 0 t ω x 0 (t), then β > 0. So, for t ∈ R, from (16) and (18), we have
Hence β (1 + )β, which yields a contradiction. Thus (17) is valid. In view of (13), (17) and Lemma 1, we obtain that T has a fixed point x 2 ∈ K ∩ {x | p < x < r 2 } and x 2 (t) σp > 0. Remark 1. Theorem 1 extends and improves Theorem 2.1 of [8] in the sense that, not only condition (H 1 ) of Theorem 1 is weaker than that of Theorem 2.1 of [8] , i.e., the limits need not to be +∞, but also that if Eq. (1), even the delays are not state-dependent, is transformed into γ uniformly for t ∈ R, we can obtain a sufficient small number > 0 and a number r 1 with 0 < r 1 < p such that
Hence, r 1 x(t) σ r 1 for x ∈ K ∩ ∂Ω r 1 , where Ω r 1 = {x ∈ X | x < r 1 }. Next we show that
If not, there exist x 0 ∈ K ∩ ∂Ω r 1 and λ 0 ∈ [0, 1] such that
Clearly, λ 0 = 0. If not, we would have x 0 ≡ 0, which contradicts that
Since σ r 1 x 0 (t) r 1 , then for t ∈ R, from (19) and (21), we have
So we obtain α < α(1 − ), which is a contradiction. Therefore (20) is valid. By utilizing the inequality in (H 4 ), we now prove that
where Ω p = {x ∈ X | x < p}. Set ψ ≡ 1. If (22) is not satisfied then there would exist x 0 ∈ K ∩ ∂Ω p and η 0 0 such that
Since
Therefore, for t ∈ [0, ω], from (23) and (24), we have
Thus we obtain p > p, which is a contradiction. Therefore (22) is valid.
In view of (20), (22) and Lemma 1, we obtain that T has a fixed point x 1 ∈ K such that r 1 < x 1 < p and x 1 (t) σ r 1 > 0. Thus x 1 is a periodic positive solution of Eq. (1).
Secondly, by the second inequality in (H 2 ), i.e., lim sup |u|→+∞
γ uniformly for t ∈ R, we can find a sufficiently small number > 0 and a number r 2 > p such that
Set r 3 = r 2 /σ . Hence x(t) σ x = σ r 3 = r 2 for any x ∈ K ∩ ∂Ω r 3 , where Ω r 3 = {x ∈ X | x < r 3 }.
We now show that
If not, there exist x 0 ∈ K ∩ ∂Ω r 3 and λ 0 ∈ [0, 1] such that
Evidently, λ 0 = 0. If not, then x 0 ≡ 0, which contracts that x 0 ∈ K ∩ ∂Ω r 3 . Thus for t ∈ R, from (25) and (27), we have
Therefore we have r 3 (1 − )r 3 , which is a contradiction. Thus (26) is valid. In view of (22), (26) and Lemma 2, we have that the operator T has a fixed point x 2 ∈ K ∩ {x | p < x < r 3 } and x 2 (t) σ r 3 > 0. Therefore x 2 is a positive ω-periodic solution of Eq. (1). This completes the proof of this theorem. is not positive since b > 0 can be sufficiently small. So Theorem 2.1 in [8] does not apply to such equations.
